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0. Introduction. 



tant objects in mathematics. One can use vertex operators to construct various realizations 
^ ■ of the irreducible highest weight representations for affine Kac-Moody algebras. Two of 
these, the principal and homogeneous realizations, are of particular interest. The principal 
vertex operator construction for the affine algebra A-j 1 allows one to construct soliton so- 
^h. lutions of the Korteweg - de Vries hierarchy of partial differential equations. On the other 
hand, the homogeneous realization is linked to the fundamental nonlinear Schrodinger 
equation [Kac]. 

S.Eswara Rao and R.V. Moody in [EM] studied the homogeneous vertex operator 
construction for toroidal Lie algebras. The present paper is devoted to the principal 
realization. Here we construct the principal vertex operator representation for the toroidal 
Lie algebra g which is a universal central extension of g = g ® C[t , . . . , t^], in which g is 
a simply-laced simple finite-dimensional Lie algebra over C. This generalizes the principal 
vertex operator realization of the basic representations of affine Lie algebras constructed 
in [KKLW] . 

We add the Lie algebra T> of vector fields on a torus to the toroidal Lie algebra g to form 
a larger algebra g. This is necessary in order to have a sufficiently large principal Heisenberg 
subalgebra. To construct a representation of g we consider the standard representation of 
the principal Heisenberg subalgebra on the Fock space F and then extend it to all of g by 
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means of the vertex operators. The module F is irreducible as a module over 0, and it is 
reducible over g. It will be interesting to see how this representation fits in the framework 
of the Verma modules over the toroidal Lie algebras studied in [BC]. 

The vertex operator representations constructed in this paper for the toroidal Lie 
algebras may also be useful for quantum field theories in space-time of more than two 
dimensions [IKUX]. 

In section 1 we recall the construction of the toroidal Lie algebra and in section 2 we 
sketch the principal vertex operator realization of the basic representations of affine Lie 
algebras. In section 3 we present the principal Heisenberg subalgebra of and define its 
action on the Fock space. We also introduce there vertex operators that will allow us to 
extend this action to 0. At the end of the section we state the main theorem of the paper. 
The proof of the main theorem occupies section 4. In the final section we construct the 
analogues of the Sugawara operators. 

1. Definitions and notations. 

Let be a simple finite-dimensional complex Lie algebra of type A^,D^ or Eg (i.e., 
simply-laced). The Killing form (-|-) is non-degenerate on the Cartan subalgebra F) of 
and induces the map v : f) — > f) . Let A be the root system of q. Since q is simply-laced 
then (a | a) =2 for all nonzero roots a G A. and for root elements e a G 0°, e_ Q G _a we 
have [e Q ,e_ Q ] = (e Q |e_ a )z/ _1 (a). 

To construct a toroidal algebra let us consider a tensor product of g with the algebra 
of Laurent polynomials in n + 1 variable: 

= 0®C[t± tf,...,t±\. 

Then we define the toroidal Lie algebra corresponding to q as the universal central extension 
of g. The explicit construction of this extension is known from the works [Kas], [MEY]. Let 
/C be an (n + 1) -dimensional space with the basis {Kq, K\, . . . , K n }. Consider a derivation 
d p = tp-jjj- of the algebra C[tJ, tf, . . . , t^] which can be naturally extended on the tensor 
product 

ic = t®c[t^t^ ...,£]. 

The space of the universal central extension of is 

/C = ic/dic, 
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where 

n 

diC={Y J K p ® d p (f)\f G C[ff , ff ,...,£]} c K. 

p=0 

We will denote the image of K p <g> to°t r in /C by t r Q t r K p , where r = (n, . . . r n ) and 
t r = t^ 1 . . . t^p . Note that /C has the defining relations 

r t r Jt r K + ntgt'K! + ... + r n t r °t r K n = 0. 

The toroidal algebra is the Lie algebra 

= £)(g)C[t± t±,...,t±]e/c 

with the bracket 

n 

[01 ® /l(*0 • • -tn),92 <8> / 2 (*0 • ••*«)] = [91,92] ® (/l/ 2 ) + (<7l|<72) ^ rf p(/l)/2^ P (1.1) 

and 

[fl,/C]=0. (1.2) 

Finally, we shall add certain derivations to g. Specifically, let V be the Lie algebra of 
derivations of C[t^, tf,...,t^]: 

n 

V={J2fp( t o,---,t n )d p \f ,...J n eC[t±,tt,...,tt}}. 

It is a general fact, that a derivation acting on a Lie algebra can be lifted in a unique 
way to a derivation of the universal central extension of this Lie algebra [BM]. Thus the 
natural action of V on g 

fi(t , . . . ,t n )d p (g ® f 2 (t , . . . ,t n ) =g® fid p (f 2 ) (1.3) 

has a unique extension to g. We shall denote the lift of /(to, • • • , t n )d p by /(to, • • • , t n )D p . 
Its action on the subspace g is unchanged, while the action on /C is given by formula [EM] : 

n 

hD a ( f 2 K b ) = hD a ( f 2 )K h + S ab f2D p (h)K p . (1.4) 

p=0 

Consider a subalgebra T> + in V: 

n 

= fp(to, ... ,t n )d p |/i, ... ,f n E C[tQ,tf, ...,tn]}. 



We will be working with the algebra g which is a deformation of the semidirect product of 
g with V + : 

fl = fl<g>C[4,*f,...,^]©/C©P+. 

Here multiplication in g is given by (1.1) and (1.2), the action of T>+ on g is given by (1.3) 
and on JC by (1.4). The Lie bracket in T>+ is the following: 

n 

[t^D a ,t^n m D b }=m a t^ +m n r+m D b -r b t^ 

The last term in this formula is the correction term to the ordinary Lie bracket in T>. This 
abelian deformation of the Lie algebra of vector fields on a torus is a generalization of the 
Virasoro algebra and was introduced in [EM] . 

2. Principal realization of the basic representation of afRne Lie algebra. 

When n = the algebra g constructed above yields the derived affine Kac-Moody 
algebra. We set n = throughout this section. In this case /C is one-dimensional and is 
spanned by Kq, while T> + is trivial, so 

g = g^qto^o 1 ] ©Cif . 

Let us recall the principal realization of the basic representation of g (see [Kac] for 
details) . The starting point of this construction is the principal Heisenberg subalgebra in 
0- 

Let {«!,..., ai} be simple roots and 9 be the highest positive root in A. We define 

l 

the height for a root j3 = ^2 kiCti as 

i=i 

i 

ht(/?) = 

i=i 

Note that ht(#) = h — 1, where h is a Coxeter number of g [Kos]. 
Consider the principle gradation of g defined by 

deg(g ai 1) = ... = deg(iT ® 1) = deg(ff * <g> t ) = 1, 

deg(r Ql 1) = ... = deg(r Q ' ® 1) = deg(g 9 ® t~ x ) = -1. 
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We choose nonzero root vectors e G g <E> to, e\ G g ai <S> 1, • • • , et G g a ^ and form the 
element e = X] e ^ e 0- Since e is of degree 1 then its centralizer s in g is homogeneous 

i=0 

with respect to the gradation. 
Next, consider a projection 

7T : g <g> C[t ,*o X ] -> by £ •-»• 1- 

Note that deg(g~ e ® t ) = 1 and deg(g~ 9 <g> 1) = fa(-0) = -h + 1, while 7r(g" e ® £ ) = 
7r(g _e ® 1), and thus the principal Z-gradation of g induces the Z^-gradation of g: 

0= 0r 

j'eZ h 

The element 7r(e) is regular in g, hence its centralizer s = tt(s) in g is a Cartan 
subalgebra, which implies that both s and 5 = s <E> C[to, tQ 1 ] are abelian. 

The preimage s = s <S> C[tg, t^ 1 ] © Ci^o of s in g is an infinite-dimensional Heisenberg 
algebra which is called the principal Heisenberg subalgebra of g. This subalgebra is the 
cornerstone of the construction of the vertex operator representation of g. The scheme of 
this construction is the following: one starts with the standard irreducible representation 
of s and then magically one can lift this representation to the whole of g. Moreover the 
action of g is prescribed and given by vertex operators. Finally one has only to check in 
one way or another that this construction works. 

The irreducible representation of g constructed in this way is of the highest weight 
A , where the linear functional A is given (we consider the simply-laced case) by 

A (z/- 1 (a,)®^) = 0, A (K ) = 1. 

This highest weight representation is called the basic representation of g. 

The Cartan subalgebra s is homogeneous with respect to the principle Z^-gradation: 

«= J2 *i- 

jeZ h 

Since (gjgj) = unless i + j = (mod h) and (•]•) is nondegenerate on s then one 
can choose a basis in s: {T±, T2, ■ ■ ■ , Z^} such that Tj G g m ., where 1 < mi < m<i < . . . < 
rri£ < h and 

(Ti\Te +1 -j) = hdij. 

The numbers {mi, . . . , mg} are called the exponents of g [Kos]. Note that sfl \) = (0), and 
therefore zero is not an exponent. Also, mg+i-i = h — rrii. 
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The principal Heisenberg subalgebra s is spanned by Tj ® t 3 , j £ Z, i = 1, . . . , £ and 
K . We can now write the multiplication in s explicitly: 



-32- 



It turns out that it is more convenient to work with a slightly different realization of 
based on the Z^-gradation of q. Consider 

with the Lie bracket 

[gi® s\g 2 ® s J ] = [gi,g 2 ]®s l+J + -(g 1 \g 2 )d l - J K , 
[K ,g s ] = 0. 

The proof of the following lemma is straightforward, so we omit it. 
Lemma 1. The Lie algebras q and g s are isomorphic and the isomorphism 

V> : <8> C[t , t^ 1 ] © CK Q -^^Bj® s j © CK 

jeZ 

is given by 

^(e a ®t i )=e a ®s ht ^ +i \ 
iP{v- l {a) ® f) = u-\a) ® s ih + d h o^-K Q , 

We shall identify and g s using this isomorphism. 

In order to describe a basis in the principal Heisenberg subalgebra ip(s) we need to 
introduce the sequence {bi} ie j i such that bi+jg = rrii + jh for j e Z, i = 1, . . . , £. Then 
ip(s) is spanned by {Tj ® s b \ Kq}, i e Z. Note that b\-i = —bi. 

Let A s be the root system of with respect to the Cartan subalgebra s. For a E A s 
choose a root element 

Aa = E A "- 

jeZ h 

Since 7r(e) is a regular element of the Cartan subalgebra then [7r(e),A a ] = X a A a with 
A Q 7^ 0. Hence = ( ad ^"i e ^ ) J and all the components are nonzero. We let the 
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indices i,j in Tj and AJ run over Z by setting T it = T i2 if %\ = z 2 (mod£) and A? = if 
Ji = i 2 (mod/i). 

Define constants A? = a(T t ). Then [T i? A Q ] = \?A a and [T i; ^J] = A?4? +m .. 
Consider an automorphism a of g such that 

a = C J Id on Qj, 

h 

where ( G C is the primitive h-root of 1. For a root element A a = ^ Af we have 

j=i 

[T 4 , a(A")] = ^([a- 1 ^), A*]) = a([C m *T,, = C m < AMA"). 

h 

Thus a(A a ) = C J A? is a l so a ro °t element and a induces an automorphism of A s . 

3=1 

Since all A? are nonzero then the length of each orbit of a in A s is h. 

We may choose £ roots . . . G A s such that Aq 1 , . . . , Aq 1 span g . Note that 
if two root elements belong to the same orbit under the action of a then their zero com- 
ponens are proportional. Therefore every orbit of a contains exactly one of Pi, . . . , Pi. 
Consequently, we may choose {^(A^)}, i = 1, . . . ,£,j = 1, . . . , h as our family of the root 
elements. The set {Aj* <g> s J \ Tj <g> s bj : , Kq), i = 1, . . . , £,j G Z forms a basis of g s . 

Remark. The properties of the automorphism a were studied by Kostant in the 
important paper [Kos]. He proved, in particular, that a acts on the root system A s as 
a Coxeter transformation. Remarkably, the complex coefficients Xf could be interpreted 
as the orthogonal projections of the roots on a real plane invariant under the Coxeter 
transformation. These projections were introduced by Coxeter in order to visualize the 
regular polytopes of higher dimensions. In Chapters 12, 13 of [Col] and in section 12.5 of 
[Co2] the case of the root system of type is treated, which also gives the answer for Eg. 

Now we shall construct the standard representation (<p, F) of s. The space of this 
representation (called the Fock space) is the polynomial algebra in the infinitely many 
variables: 

F = C[xi, x 2 , x 3 , . . .}. 
For i > 1, Ti-i <S> s~ bi is represented by a multiplication operator: 

</7(Ti_j <g> s~ bl ) = biXi, 

Ti ® s bi is represented by a differentiation operator: 



and <f(K ) = Id. 

Indeed, the only relation to be checked is 

[<p(T i ®s bi ),<p(T 1 _ j ®s bl -i)] = ^(T i \T 1 _ j )b i 6 bib .<p(K ). 

But as it can be easily seen, both expressions are equal to bidij Id. 

One can lift this representation of s to the whole q using vertex operators. We consider 
the space q[[z, z~ 1 }} of formal Laurent series in a variable z with coefficients in q and the 
space End(F)[[z, z~ x ]] of series with coefficients in End(F) (see Chapter 2 in [FLM] for 
details). The adjoint action of q on q[[z : z~ x }] is well-defined. 

Every representation <p : g — > End(F) defines a homomorphism <p : g[[z, z -1 ]] — > 
Enc^F)^,*" 1 ]]. 

The following theorem shows how to lift the standard representation of the principal 
Heisenberg subalgebra to $j: 

Theorem 2 ([Kac]). There exists a representation 



such that for i 6 N 



<p : g -> End(C[xi,x 2 , • • •]) 
y(Ti_i ® s~ bl ) = biXi, 



<p(K ) = Id, 
<E> s J )z~ J = A a (z), where 

j'eZ 

OO OO rj 

i4*(z) = A (^ ® OcavE A? z^xOeayC- £ A^^— — ). 

Since A" together with Tj ® s bi and JTo span g then the above formulas completely 
determine this representation. 

We will use extensively the following Laurent series: 

S( z ) = z ° and D6 ( z ) = i zK 

The first of these is the formal analogue of the delta function. 

For an element B = Yl £0 denote by B(z) the formal series Yl ^(Bj^s^z - ^ G 
jeZ h jeZ 

EndOFHM" 1 ]]. 
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h h 

Corollary 3. Let A = £ A h B = £ Bj G g and Zei C J = [A,-, B] e 0. T/ien 

W*i),5te)] = £(c'te) + ^ 



Proof of the Corollary. 

[a(zi),b(z 2 )i = e Z>(^ ® ^ ® «*)]*rV = 

jeZ ieZ 

jeli ieli 

E E ?a^,fl*-;]®« fc ^ 

je1ik=i+je7i jeli 

E c '^CfY + it £ (^,i^,)o 1 +^)(|) ,I+W2 = 

3=jl+hj2 

E(0"(» !l ) + ^(A„|B. :fa ))(^) , '«((^)») + X;(A >1 |B. :h )(^)*IM((^)*). 
Jl=l Jl=l 



3. Construction of the vertex operator representation for the toroidal Lie 
algebra. 

In this section we construct a vertex operator representation for the toroidal Lie 
algebra that generalizes the principal realization of the basic representation of affine Lie 
algebra. Again it will be convenient to replace with 

S = E % ® s ' c [^> • • • , e /c © p+, 

jeZ 

with the Lie bracket 

Id n 

[gi ® fi(s, t),g 2 ® / 2 (s, t)] = [^,^] ® (A/ 2 ) + ^^{-(s — fJfrKo + J2 d p(h)hK P }, 

P =i 
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[/i(s, t)D p , g <g> / 2 (s, t)] = # <g> /i(d p / 2 ) 

while the multiplication in T>+ and its action on JC are the same as in g. Here and below 
we make identifications s hr °t r K a = t r °t r K a and s hr °t r D b = t r °t r D b , a = 0, 1, . . . , n, b = 
l,...,n. 

The following lemma is an immediate generalization of Lemma 1: 

Lemma 4. The Lie algebras g and g s are isomorphic and the isomorphism is given 

by 

iP(e a ®t r °t r ) = e a ®s ht ( a)+hro t r , 

^}{v-\a) <g> t r °t r ) = v-\a) <g> s hro t T + ^^-s hr °t r K , 
ip = Id on K ©£>+. 
We shall identify g and g s using this isomorphism. 

The subalgebra 5 with the basis {T; <g> s bi , s lh D p , s lh K p , K } , ieZ, p = 1, . . . , n is 
the principal (degenerate) Heisenberg subalgebra of g. 

Indeed, K Q is its central element and the multiplication in s is given by 

[T i ®s bi t T 1 _ j ®s- b *]=b i 6 ij Ko, 

[s lh D a , s^ h K b ] = 5 ab is^ h K = iSabSi^Ko, 
W h D pi T % <g> s bi ] = 0, [s lh D a , s^ h D b ] = 0, 

[Tt ® s 6 ',/^] = 0, [^^a, = 0, 

where i,j G Z, a, 6, p = l,...,n. This subalgebra is degenerate as a Heisenbeg algebra 
since [D p , K p ] = 0. 

The Heisenberg algebra 5 can be represented on the Fock space 

F = C[q p , Xi, u p i, v pi]^fq 
by differentiation and multiplication operators: 

(p(Ti <g> s b >) = — , ^(Ti_< <g> = biXi, 

OXi 

d 

ip(s lh D p ) = ^— , (p( s - th D p ) = ivpi, 
¥{s lh K p ) = - — , <p{ S - ih Kp) = iupi, 

OV p i 
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d 

y{D p ) = q p — , <fi(K p ) = 0, 
oq p 

<p(K ) = Id, 

where i > 1 and p = 1, . . . , n. Our goal is to extend this representation of s to q. Consider 
the following elements of q[[z, z~ x \\: 

s jh t r Koz~ jh and ^ A? <g> s J t r ^. 

jeZ jeZ 

Note that 

[Tj ®s b \J2 s jh t r K z- jh ] = 0, 

jeZ 

[s ih K p , s^K z^ h ] = 0, 
jeZ 

[s ifc D p , ^ s J H r i^~ j71 ] = J2 r P s {l+j)h t r K z- jh = 
ieZ jeZ 

r p s kh t r K z- kh+th = r p z lh ^ s jh t r K z- jh . 

k=i+jeL jeZ 

The theory of vertex operators suggests (see Lemma 14.5 in [Kac]) that 
s j7l t r K z~^ h should be represented by 

jeZ 

n n z~^ d 

K (z,r) = q r exp(^r p ^^ PJ )exp(-^r p ^— — — — ). 

J uv pj 



p=i j>i p=i j>i 



Here q r = q^ 1 . . . q^ n . 

In a similar way the commutator relations 



[Ti ®s b \J2 A j ® sJt " z ~ J ] = X i A J+bi ® s j+bi t r z~ j = 
jeZ jeZ 

A, a J2 A k® s k t r z~ k+bi = \?z b > J2 A j ® s^'fz^', 
fc=i+bieZ jeZ 

[s i/l tf p , ^ A? <g> sh r z-i] = 0, 

jeZ 

jeZ jeZ 
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r p A l ® s k t r z~ k+lh = r v z lh A j ® s j t r z- j 

k=j+iheL jeZ 

suggest that £ A? <g> s J t r z~ J should be represented by 

A a (z,r) = 

OO OO p. 

q r Ao(^® S °)exp(^A^^)exp(-^A?_/ C 



1=1 1=1 



xexp(^V p ^ A pj )exp(-^r p ^ ) = 

A" (2^0 (2, r). 

The last formula hints that for B G j we may try to represent £ Bj <g> sH r z~^ by 

jeZ 

B(z,r) = B(z)K (z,r). 

Note that B{z) is known from the affine case (Theorem 2). 

In fact, we shall see that the same approach is valid even for JC and T> + , but for these 

we should first discuss the concept of the normal ordering. 

Let X(z) = £ Xiz\Y{z) = £ Y 3 z^ e End(F) [[z, z' 1 ]]. We say that the product 
ieZ jeZ 
X{z)Y{z) exists if for every k £ Z and for every v e F the sum 

Y x i Y k-iV 
ieZ 

has finitely many nonzero terms. If this is the case then 

X(z)Y(z) = J2Q2 X ^-i) zk - 

keZ ieZ 

It is possible that X{z)Y{z) exists while Y(z)X(z) does not. For example, this hap- 
pens for 

X(z) = 5>z< and Y(z) = J2^ 



■z~\ 



To improve the situation we define the normal ordering for the product of operators on F. 
For a pseudo differential operator P e End(F) the normal ordering :XiP: is defined as x^P, 
while the normal ordering of the product '-£^P' is defined as P-^r- Note that for X(z) 
and Y(z) from the above example :X(z)Y(z): = :Y(z)X(z): = X(z)Y(z). 
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From the action of the principle Heisenberg subalgebra on the Fock space we see that 
the series s^ h K p z~^ h and s jh D p z~ jh are represented by 

i>l i>l pl 

and 

i>l y i>l y 



Using the analogy with A a (z, r) we shall represent s jh t r K p z j71 by 

jeZ 

K p (z,r) = K p (z)K (z,r) 

and s jh t r D p z~ jh by 

jeZ 

D p (z,r) = :D p (z)K (z,r): . 

Note that we use the normal ordering in the case of D p (z, r) in order for the product to 
exist. 

We summarize this discussion in our main theorem: 

Theorem 5. There exists a representation <p of the toroidal Lie algebra 

on the Fock space 

F = C[q p , Xi, u p i, ^pijjg]^ 
such that for i = 1, . . . , i,p = 1, . . . , n, a G A s , r e Z n 



J2^ h tr Ko )z-3 h = K (z,v) = q r exp(^r p ^^)exp(-^r p ^^— ^— ), 

(3.1) 

<P{Ti ® s mi+jh t r )z- mi - jh = Ti(z, r) = 

jeZ 



{ J2(jh - rmW-^Xji+t-i + z~ jh ~ m * -^—} K ^ r )> ( 3 - 2 ) 

j>l j>0 x ji+t 



<p(A? ® sH r )z- j = A a (z, r) 

ieZ 
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00 °° z~ bi 8 

A (A« ® s°)exp(J2 Kz b *x t )exp(- £ \°_. — — )K (z, r), (3.3) 



h dxi 



J2 <p(s jh t r K p )z^ h = K p (z, r) = {J2 iu pi z ih + £ ^-z^ h }K (z, r), (3.4) 



£ <p(8* h t r D p )z-i h = D p (z, r) = :{£ + g p A + £ J- z -*}K (z, r): . (3.5) 



4. Proof of the main theorem. 

First of all, let us check that formulas (3.1) - (3.5) define a linear map 99 : g — End(F). 
The linear dependencies between the momenta at the left hand side are of the form 

(p(Af {a) ® s j t r ) = ( kj (p(A« ® sH r ) 

and 

n 

jV(s^t r K ) + ^^(5^%) = 0. 
P =i 

These dependencies extend to the following relations for the corresponding series: 

x: w ® sh r ) z - j = <p( A j ® s j t r )(c k z)~ j 

jeZ jeZ 

and 

1 n 

--D z v(s jh t r K )z-i h + J2 r pJ2 v(s jh t r K p )z^ h = 0, 

jeZ p=i jeZ 

where D z = z-^. We have to show that the same relations hold for the right hand sides 
of (3.1) - (3.5). Indeed, noting that xf (q ° = (~ kmi \? we obtain 

A^\z, r) = AoK fe(a) )e^(^ Af C kmi z^ Xi )exp{- £ A?_,C^ L^-g-)K (z, r) = 

i=i i=i 0i OXt 



A (^)exp(^ Af(C-^) 6i ^)ea;p(- £ A?_ > ^ J - — )jr (C fc z, r) = A"(C k z, r). 

i=l i=l 1 * 

The verification of the second relation is also straightforward: 



n 



D z K (z,r) = D z cfe X p(J2r P J2 zJhu Pj) ex P(-J2 r pJ2——- d -^-) 

p=i j>i p=i j>i •* p i 
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p=l j>l j>l P3 

n 

P =i 

Observing that the momenta of the series in the left hand sides of (3.1) - (3.5) span 
g we conclude that the linear map ip : g — > End(F) is well-defined. We need to show now 
that p> is a homomorphism of Lie algebras. 

The following Lemma and its Corollary which we state without proof are very useful 
for the computations with formal series. 

Lemma 6 (cf. Proposition 2.2.2 in [FLM]). Let 



S( z ) = J2 zk and D6 ( z ) = D * S ( Z ) = Yl k 
keL keL 



If the products in the left hand sides exist then the following equalities hold: 
(0 X(z 1 )8((^)) = X(z 2 )8((f)), 

Z\ Z\ 



(ii) X(z 1 )D8((^)) = X(z 2 )D8((f)) + D Z2 (X(z 2 ))8((^)), 

Z\ Z\ Z\ 

Corollary 7. Let X(z) = Y(z h ). The following equalities hold provided the products 
in the left hand sides exist: 

(0 X(z 1 )50) h )=X(z 2 )S(( Z f)\ 

Z\ Z\ 

(H) X(z 1 )DS(( Z ^) h ) = X(z 2 )D5(( Z ^) h ) + \d Z2 {X{z 2 ))8{(^) H ), 

Z\ Z\ n Z\ 



Note that A a (z,v) = A a (z)K (z,r) and T<(;z,r) = Ti(z)K (z,r) , hence for every 
B E g we have B(z, r) = B(z)Kq(z, r). 

In order to verify the commutator relations between the elements of 
Yl Qj ® s J< C[tf, . . . , t„] we have to show that for every A, B e g 

<p([Aj ® sH r , B t ® s l t m ])z- J z^ = \v( A i ® sJ ' tr ). <f{Bi ® sh™ 1 )^ z^ . (4.1) 
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Indeed, let = [Aj,B\. Then 

E <f([Aj ® s J t r , B t ® sH" 1 ])*^* = 

= y([^,fli]®« i+i t r+m )«r i ^ < + 



£ (^|SO^(^ +i t r+m (^ + ^r p K p )) 



E E E (^j£-,j^^(s M ^ 



Ji 1 j 2 eZ i 2 sZ 



E E E (^iB^j^^c^+fe)^^)^-^^-^ 

ii =1 j2 eZ i2 eZ P =1 

3=31+h]2 i=—31+hi2 

■■ t £ £ *>w ® ^t"+»)z 2 -*(^) ji (^)'*+ 

ii=ij 2 eZfceZ 1 1 

V V M, IR , \ J -±- 

h 



EE E (^is-ix)^^^^*^^)^ 1 -^^ 1 ^-*^ 

n =1 j 2 eZ k=j 2 +i 2 eZ 

h n 

EE E (^ 1 |B_ i jX) r ^( ahfct ^ m ^)^ il " hia ^ 1+ ' ya " h * 

Ji = 1 j 2 6Zfc=j 2 +z 2 6Z P =1 

' ^1 ^1 

Jl=l 

iX: jl (A J1 |5_ J1 )Ko(. 2 ,r + m)(^)-5((^) ,l ) + 

Ji = l 
n h 

£r p £ (A n \B_ h )K p (z 2 , r + m) (£*)**((£*)*)+ 

p=i ji=i 
ft 



ji=i 

For the right hand side of (4.1) we use Corollary 3, Corollary 7 and the fact that 
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K (z, r)K (z, m) = K (z, r + m): 



[<P(Aj ® s J t r ), v?(S, ® s l t m )]^- J z 2 - 1 = [A(zi, r), S(z 2 , m)] 



[A(^)^o^i,r),S(^)Xo^2,m)] = [A(zx), S (z 2 )} K ( Zl ,r)K (z 2 , m) 



= J2 {^) j S((--) h )K (z 1 ,r)K (z 2 , m)+ 

i^j(^|5- J )(-) J 5((^)")^o(^i,r)Ko(^2,m) + 
n . z\ z\ 

3=1 

X:(A J |S_ J )(^)^((^) /l )K (^i,r)Ko(^,m) = 

ft 

= £ C« \z 2 ) {--) '*((-) Vo(^2, r)K (^2, m) + 

J = l 



i^j(^|5- J )(-) J 5((^)")^o(22,r)K (22,m) + 
3=1 

X:(A J |S_ J )(^) J J D5((^) /l )K (^ 2 ,r)Ko(22,m) + 

. , ~i zi 

j=i 

^(A J |S_ J )(^) J 5((^)")l^ 2 (Ko(22,r))Ko(22,m) = 

3 = 1 

= J2C^z 2 )( Z ^yS(( Z ^) h )K (z 2 ,r+m)+ 

. Z\ Z\ 

3 = 1 

h 



^^^l^)(?)^((?)Vo(^,r+m)+ 
X:(A J |5_ J )(^)^((^) ?l )K (, 2 , r + m)+ 

ft n 

^(A J |S_ J )(^) J 5((^)")^r p K p (^ 2 )K (^ 2 ,r)Ko(22,m) = 

• i Z\ Z\ 

3=1 P=l 
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= E^^)(?)^((?)Vo(^,r + m)+ 
. -, z\ z\ 

^Ej(A J |5- J )(^)^((^) ,1 )Ko(. 2 ,r + m) + 



J = l 
n /i 

E r P S>;l s -i) (?)^0^ 2 ' r + m)+ 

X:(^| J B_,)(^) i ^((^) /l )K (, 2 ,r + m). 
j=i 1 1 

Thus (4.1) holds. 

It is easy to see that operators tp(s 3 t r K p ),p = 0,1,..., n commute with 
</?( ^2 9j ® s^C[tf, . . . ,t„] © /C). This follows from the obvious equalities: 

[K p (^,r),A Q (^ 2 ,m)] = [K p {z 1 ,r),T i {z 2 ,m)} = 0, 

[K a (zi, r), -ftr & (z 2 , m)] = 0, p, a, b = 0, 1, . . . , n. 
In order to check the action of V + on Yl Qj <S> C[tf , . . . , t^} it is sufficient to verify 
the following equality for the generating series: 

E ^([A r i) p , A m ^D^v = E [^(^t 1 -^),^^®^)]^^. (4.2) 

The corresponding equalities for T; ® s bi t m and s l H m i-Cp will follow since s 3h t r D p acts as 
a derivation and s i t m Af generate Yl Qj ® s J C[tf , . . . , *±] © /C. 

Let us prove that (4.2) holds. 

E y([^t r D p , s H m ^])^^ = 
E m^( S ^v +m ^r' v = 

j,ieZ 

E E m P <p(s k t T+m AS)z? h z; k+ih = 
jeZ k=i+jhe1j 

m p A a (z 2 ,r + m)5((^) h ). 

Next, we will show that the right hand side of (4.2) reduces to the same expression. 
In the following computations it will be convenient to denote v?(s j7l -D p ) = by 7 P (j) , 
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ip(s jh D p ) = jv pj by 7 P (-j) and p(-D p ) = by 7 P (0). Note that Yl P {j), K (z, m)] = 

m p z : ' h K (z, m) for j e Z. 

E K^t r ZU ^ ® S *t m )]^' V = [D P (z u r), A*(* 2 , m)] = 
j,;eZ 

[={£ 7 P (j)«r' h }^o(«i, r):, A a (z 2 )K (^2, m)] = 
7 P (j>r"}^o(^i, r):, K (z 2 , m)] = 
^2) [{£ 7 P (j>r^}^o(^i, r), K (^2, m)] + 

j<0 

A a (z 2 ) [K ( Zl ,r){J2 l P {jW% K (z 2 , m)] = 

J>0 

^2) E 7p0>i~ ih , *o(*2, m)]tf (*i, r)+ 
A^ 2 )K (^i, r) E 7 P (j>r^, ^0(^2, m)] = 

J>0 



-4 a (^2) E z i jh z J 2 h m p Ko(z 2 , m)K (z 1 , r) + 



j<0 

A a (> 2 )ifo(>i, r) E ^ J,! 2fmp^o(z2, m) = 

j>0 

m p A a {z 2 )K Q {z u v)K Q {z 2 ,m)5{(^) h ) = 

%i 

m p A a (z 2 )K (z 2 ,r)K (z 2 ,m)5((^) h ) = 

zi 

m p A«(z 2 ,r + m )5((^) h ). 
From the above computation we can see that 

[D p (z lt r), K (z 2 , m)] = m p K (z 2 , r + m)<5((— 

^1 

To complete the proof of Theorem 5 we need to compute the commutators 
[</?(s j7l t r .D a ), ^(s'^t" 1 ^)]. We will check the following equality for the generating series: 

E ^([^fA*, A m J D 6 ])^^ 2 " i/l = E ^(^ 7l t r J D a ),^( s i H m J D 6 )]^S 2 -^. (4.3) 

j,ieZ j',ieZ 
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To compute the left hand side we use multiplication in g: 

<fi([s jh t r D a , s lh t m D b ])z~ jh Z2 th = 

= <p(m a s {j+i)h t r+m D b - r b s^ +i)h t r+m D a )z^ jh z 2 ih - 



-ih 

'-2 



m a r b <p(s^ h t r+m {jK + J2r P K P })z-' h z 2 

p=i 

= E E {rnMs kh t r+m D h ) - r b(p (s kh t r + m D a ))z^ h z 2 kh+jh - 

n 

E rn a rMs kh t r+m {jKo + J2r P K P }))z^ h z- kh+ ' h = 

= (m a D b (z 2 , r + m) - r b D a (z 2 , r + m))<5((— ) h )- 

z\ 

n 

m a r b y^r p K p (z2,r + m)S((—) ) - m a r b K (z 2 , r + m)D5( (— ) ) 
Observe that 

[D (z,r),7i(i)] = [:{J2la(j)z- jh }K (z,r): nb (i)} = 
f£la(j)z- jh K (z,r), lb (i)} + [K (z,t) E 7a(j>"^, 7 & W] = 

j<0 j>0 

J2lati)z- jh [K (z,r), lb (i)] + [K (z,r), lb (i)} J2^(j)z^ h = 

j<0 j>0 

-r b z ih J2la(j)z- jh K (z, r) - r b z ih K (z, r) ^ 7a (j>"^ = 

j<0 j>0 

-r b z ih D a (z,r). 

We use the last equality to compute the right hand side of (4.3): 
£ [<p(s jh t r D a ),<f(s ih t m D b )]z^ jh z 2 ih = [D a {z u v),D b {z 2 ,m)] = 



[D a (z u r),J2^b(i)z 2 th K (z 2 , m)] + [D a (z u r), K (^2, m) ^ 7b (z) 



l b \L)Z 2 l 1 

i<0 i>0 
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= Y^Da^u r),lb(i)]z 2 th K (z 2 , m) + ^7&(^2 r), tf (z2, m)] + 

[D a (z u r),K (z 2 , m)] ]T 7^)^ + ^0(^2, m) ^[A^i, r), 7^)]^ = 

i>0 i>0 

= -r 6 ]T r)4^ 2 -^K (^ 2 , m) + ^ 76 (z)^- i/l m a K (^, r + m)<5((^) h )+ 

i<0 i<0 21 

m a Ko(^2,r + m)5((^) ft )^76W^-^o(^2,m)^I) a (^ 1 ,r)zfzr 7l = 
= m a D b (z 2 , r + m)5((—) h )- 

Z\ 



r b^2(—Y J^7a(j>i jh K (z 1 ,r)K (z 2 ,m)- 



i<0 Z<1 j<0 
■Zi^ih 



r h J2i~Y Ko(zi, r)J2la(j)zi jh Ko(z 2 , m)- 



i<0 Z<1 j>0 



Zi^ih 



r b K (z 2 ,rn)J2J2^ z i JhK ^ r )(-) 
r b K (z 2 , m) £ K (^, r) {^) ih £ T.fcW* = 

— Zo — 

i>0 z j>0 

= m a D b (z 2 , r + m)<y((— 

^1 

^ 5^ $^(— ) lk zi jh ^ a (j)Ko(z u r)K Q {z 2 , m)- 



'-22 

i<0 j<0 A 



n ^2^2(—) %h z 1 3h K ( Zl , r) [ 7a (j), K (>2, m)]- 



i<0 j>0 Z2 



n E E^)^! jhK o(zi, r)K (z 2 , m)7 a (j)- 



i<0 j>0 Z<1 

r " E E *i~ ih (-) Vote, m), 7 a(j)]^o(^i, r)- 

i>0 j<0 Z2 

rb^^z± jh (—y h ~f a (j)Ko(z 2 ,m)K (z l ,r)- 

— — ' -22 

r& V V(— )^2 1 " j/ 'Ko(^2, m^oOi, r)7 a (j) = 

— — Zo 

i>0 j>0 A 
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= m a D b (z 2 ,r + m)6((—) h )- 
r b 5((^) h ):{J2la(j)^ jh }Ko(z2,r)K (z2,rn):- 

m » r » E E(?) (4+i) ^o(zi, r)K (z 2 , m)+ 
^ E E(?) (4+i) ^o(^i, r)Ko(^2, m) = 

i<0 j<0 21 

= m a D b (z 2 , r + m)5((—) h ) - r b D a (z 2 , r + m)5(( — 

fc-1 

maT " b E E(~) K o(zi,r)K (z 2 ,m) + 

k=i+j>0 j=0 Zl 
-1 

mar& E E(~) K o(zi,r)K (z 2 ,m) = 

k=i+j<0 j=k 

= (m a D b (z 2 , r + m) - r b D a (z 2 , r + m))6((—) h )- 

Z\ 

m a r b V fc(— ) fc/l K (2i, r)if (>2, m) = 

= (m a D b (z 2 ,r + m) - r b D a (z 2 , r + m))<J((— 
m a r 6 K (2;i,r)Ko(^2,m)D5((— = 

= (m a D b (z 2 , r + m) - r b D a (z 2 , r + m))5((— 
^m a r b D Z2 (K (z 2 , r))K (z 2 , m)5((^-) h )- 
m a r b K (z 2 ,r)K (z 2 ,m)D8((—) h ) = 

= (m a D b (z 2 ,r + m) - r b D a (z 2 , r + m))<5(( — 

n 

m a r b ^r p i : i:p(z2,r + m)5((— ) )- 
p=i 

m a r b K (z 2 ,r + m)L>5(( — ) h ). 

%\ 

This establishes (4.3) and completes the proof of Theorem 5. 
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5. Sugawara operators. 



In the representation we constructed the operators from V + act as derivations on the 
algebra = 0® C[t^, tf, . . . , t„] © K>- It is possible to extend this action on V, that is to 
represent t J t r D by operators on F. For the affine case these are Sugawara operators. 

We will work with the toroidal algebra realized as Yl Qj <S> C[tf , . . . , t„] © /C. For 

jeZ 

this realization 

il>(? t r D ) = l^Ds ~ \v~\p) ® sjhtr , 

where p £ f) with (p\cti) = 1 for every simple root a; G A and D s = s-^. 

Since for a G A the elements A a ® tQt m generate g then we have to check that 

v# j t r A), A a © 4t m ]) = mit r D ), ^ ® **t m )]. 

Note that A a G 0ht(a) an ^ (p\ a ) = ht(a). 
We have 

V>([*jt P A), © 4t m ]) = z^(A Q <g> 4 +5 t r+m ) = ^° ® s ht ( a )+ /l ( l +^t r+m , 

while 

[^(^ t r J D ),V(^ Q ©tot m )] = 

Uht(a) +ih- {p\a))A a <g> s ht(a)+h(i+j) t r+m = 
<g> s ht(a)+/ l ( l +j) t r+m_ 

Thus it is sufficient to construct operators on F corresponding to s j7l t r D s . 
It will be convenient to denote in this section <p(Ti © s bi ) by r(i) , Lp{s^ h D p ) by 7 P (j) 
and ip(s 3h K p ) by 

In these notations 

Ko(^,r) =q r exp(X:r p ^^^^)exp(-X:r p ^^^) and 

P =i j>i J P =i j>i J 

A* (z) = A © s °)ex P QT Af exp (- £ A?_, ) . 

i>i 1 i>i 1 
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Nontrivial commutators in the principal Heisenberg subalgebra are 



[t(z),t(1 - i)] = bi and [i P {j), K p (-j)] = j- 
The action of the Heisenberg subalgebra on the vertex operators is determined by 

[r(i),A a (z)}=Xfz bi A a (z), 

[ lp (j),K (z,r)] = r p z^ h K (z,r). 
Consider the following operators on the Fock space F: 

ieZ 

n 

These are the analogues of the Sugawara operators. 
Construct the formal generating series for these: 

D s (z) = -J2 (LAj) + hL 1K (j))z~ jh . 

Proposition 8. Formula (3.5) together with 

Y,f{s ih t r D 8 )z- ih = D s {z,v) = :D s (z)K (z,r): 

defines the representation of the Lie algebra V on the space 

jeZ 

Proof. We have an action of D on § which is a unique extension of its natural action 
on g. Thus we need to prove that <p([D, B\) = [(p(D), <p(B)] for every D E V and B e 0. 
For subalgebra P.)- this was proved in the course of Theorem 4, hence we need to consider 
only D = s th t r D s . Since s th t r D s act on g as derivations and g is generated as an algebra 
by elements AJ ® s J t m then it is sufficient to prove that 

<p([s ih t T D a , A? <g> s J t m ]) = [<p(s ih t r D s ), <p(A« ® ^t m )]. 
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Again we shall replace this with an equivalent identity for the corresponding series: 

^aE s ih t r D sZ ^\ e A i ® s ° tmz 2 3 ]) = E ^ k eD s )zr\ E ^ ® shm w\- 

ieL jel ieL jeZ 

(5.1) 

We have 

s^fD.zr**, E ^ Q ® ^"Vd = 



"2 



= EE^ A I ® ^t r+m ) % -^ 2 

ieZ jeZ 

= E E ( k - ih )^ A k ® s fc t r+m )2-^2 2 - fc+i/i = 

ieZ k=j+ihe^ 

= e m^s ® s fc t r + m )^- fc 5((^) /i )- 

E ^ ® sV+ m )* 2 - fc £>5((^) h ) = 

= -(D Za A"(z 2 ,r + m))<$((^) h )- 
A a (z 2 ,r + m)(£), a ,5((-) h )) = 

= -Z) 22 (A^ 2 ,r + m)5((-)")), 

where D Z2 = z 2 -^. 

In order to compute the right hand side of (5.1), we will need two lemmas. 
Lemma 9. 

(i) [L T (j),i4°(z)] =^ h (D,+^)i4°(z), 



(«) [L T (z 1 ),A a (z 2 )] = D Xa (A a (z 2 )6((^) h )). 

z\ 

Proof. We will prove (i) assuming that j > 0. The case j < is analogous. 



[L T (jM a (*)] = \[Y J --r{l-i)r{i + j^A-{z)] = 



2 

l£ Z 



= ^E r ( x - + + ^E r (* + #mi - *M a (*)] 



i>0 i<0 
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= \ E t{1 - o w + ^> Aa (*)] + ^ E^ 1 - o, ^ a (*(* + #)+ 

i>0 i>0 

^E^ + - *M Q (*)] + \ E^ + M> ^COM 1 -i) = 

i<0 i<0 

= \ E t{1 - 0A?^ +ifc ^ a (*) + ^ E Af-i^^Mi + #)+ 

i>0 i>0 

\ E ^ + jt)\?- i z- bt A a (z) + \ E Af ^ +j 'M°(z)t(1 - i) = 

i<0 i<0 

= \ E ^ - 0A?^ +ifc ^ a W + \ E A?_^- & ^ a (z)r(z + #)+ 

i>0 i>0 
i<-j£ -j£<i<0 

\ E A?_^A-(z)r(z+j£) + ^A^ + ^( 2 )r(l-z) = 

-j£<i<0 i<0 

= ^ E " fc)A^ 6fc+J '^ Q (^) + \ E A?_^-^ + ^A«(^)r(fc) + 

k=i>0 k=i+ji>ji 

\ E Agz fc *+^r(l-fc)^(z) + i £ XUz- bi X?z b ^ h A a (z)+ 

k=l-i-j£>0 -j£<i<0 

\ E K- k z- bk+3h A a (z)T(k) + l - K- k z- bk + jh A«{z)r{k) = 

0<k=i+j£<j£ k=l-i>0 

£ 

= Z i h D z A«(z) + |^(E KK-k)A a {z) = 

k=i 

= zi h (D z + hj)A«(z). 
At the last step we used the equality 

£ I 

^E A fc A i-fc = \i2(T k \u- 1 {a)){T 1 . k \u-\a)) = 
k=i fc=i 

which follows from the fact that {j^Ti-k} is the dual basis for {Tk}. 
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Part (ii) is an immediate consequence of (i): 

[L T { Zl %A«{z 2 )\ = J2^i jh [LAj),A-(z 2 )} = 

J2zi Jh 4 h (D Z2 +hj)A«(z 2 ) = (D Z2 A«(z 2 ))5((^) h )+A«(z 2 )(D Z2 5((-) 

D Z2 (A"(z 2 )6(C-^) h )). 

Z\ 

Lemma 10. 

1 Z 2 h 

[:L 1K (z 1 )K (z l ,r):,K (z 2 ,m)] = ^(("^) )D Z2 (K (z 2 ,m))K (z 1 ,r). 



Proof. 



[:L 7K (^i)Ko(^i,r):,Ko(^2,m)] = 

n 

= E z i Jk E I}>( _i )« P (i +j)K {z u r), K (z 2 , m)] + 
je Z p=i *>o 

n 

E ^i"^ E E^^ + ^O-M^i, r)7p(-*)> Ko(z 2 , m)] = 
j 6 Z p =1 *<° 
n 

= 1] z i Jh E 5^[7 P (-0^o(^2, m)]«p(i + j)Ko(z!, r)+ 
j6 Z p =1 *>° 

n 

E ^ E E + j) K o(zi,r)h P {-i), K (z 2 , m)] = 
je Z p =1 *<° 

n 

= E E m P E ^2~ l/l ^o(^2, m)K p (i + j)K (z 1 ,r)+ 

n 

5^ 2 i" J/ " E m P E + j)^o(>i, r)^^K (^2, m) = 

n 

E E E m ^i" J ^2" fc " +J ^ P (^)^o(^2, m)K (^,r) : 
= i5((|) /l ) J D 22 (Ko(^2,m))Ko(^i,r). 
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Using these two lemmas we can handle the right hand side of (5.1). 
E^A^jz^^^A^^nz^] = [D s (z u r),A a (z 2 , 

= [:D s (z 1 )K (z 1 ,r):,A a (z 2 )K (z 2 ,m)} = 
= -[L T ( Zl )K (z lt r), A a (z 2 )K (z 2 , m)]- 

- h[:L JK ( Zl )K (z u r):, A a (z 2 )K (z 2 , m)] = 

- [L T (z!), A a (^ 2 )]Ko(^i, r)K (^2, m)- 
hA a (z 2 )[:L^ K (z l )K (z 1 , r):, K (>2, m)] = 

= -D Z2 (A Q (z 2 )5((^) /l ))K (^2,m)K (z 1 ,r)- 

^1 

A a (^)5((-)")^ 2 (^o(^2,m))Ko(^i,r) = 

= - J D 22 (^( 22 )5((^) /l )Ko(^2,m)Ko(^i,r)) = 
= -D Z2 {A a (z 2 )S({^) h )K (z 2 ,m)K (z 2 ,r)) = 
= -D Z2 (A«(z 2 ,r + m )6((^) h )). 
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